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Abstract—The transport equations of irreversible processes such as thermodiffusion and thermo-electric

phenomena are derived on the basis of modern nonequilibrium thermodynamics in the case of the reversible

change of volume due to the thermal expansion. Priority was given to obtaining the generalized equation

of heat conduction, which was further applied to metal systems and semiconductors. Copyright © 1996
Elsevier Science Ltd.

1. INTRODUCTION

Modern nonequilibrium thermodynamics has worked
out the methods which allow the formulation of the
complete set of equations describing the broad class
of irreversible processes. By formulation of these
equations the modern thermodynamics of irreversible
processes enables us to state clearly and explicitly the
conditions of validity of the derived equations, which
really is a large advantage in comparison with the
older nonequilibrium thermodynamics, which uses
more or less heuristic methods. Even recently, paper
[1], in which the authors derive the equation of heat
conduction in metal systems, taking into account the
presence of an electric current, has appeared. The
authors of this paper do not use those methods of
modern nonequilibrium thermodynamics which are at
present common and accepted. Therefore, the aim of
the present paper is to derive the complete set of
equations, which describe such irreversible processes
as the thermodiffusion and thermo-electric phenom-
ena in multi-component condensed systems. The
results were obtained at first in a general form, and
then they were applied for metal systems and sem-
iconductors.

In monograph [2] there is a description of (i) the
thermodiffusion in gases and liquids, which are
enclosed in a vessel, so that the hydrodynamic velocity
has zero value and (ii) the thermo-electric phenomena
in electrolytes. The present paper deals with the irre-
versible processes in solids with the main emphasis on
derivation of the equation of heat conduction, taking
into consideration the thermal expansion of materials.

The present paper is divided into seven parts. In the
second part the starting equations are briefly intro-
duced. The aim of this part is to show the conditions
under which the Gibbs’s relation (9) is also valid for
crystals. In connection with this condition, we
explicitly make note of the fact that in the whole paper
we consider only a reversible change of volume. That

will be important especially in the third part, in which
the internal energy is defined in a different way to
that in monograph [2], and, similarly, the method of
dertvation of the entropy balance equation is different
as well. In Section 4 the phenomenological equations
for multi-component systems are formulated. The
main contribution of the present paper is in Section
5, in which the generalized exact equation of heat
conduction in the framework of linear nonequilibrium
thermodynamics is derived. In Sections 6 and 7, the
generalized equation of heat conduction is applied to
metal systems and semiconductors. In these sections,
the conditions under which some terms of the exact
equation may be neglected without loss of sufficient
accuracy are discussed.

2. STARTING EQUATIONS

By constructing the complete set of equations for
describing the irreversible processes, the modern non-
equilibrium thermodynamics starts partly from the
relation of the entropy production and partly from
Onsager reciprocal relations. For this reason, our first
step will be to derive the entropy balance equation,
from which the relation for the entropy production
follows immediately.

To obtain the derivation of the entropy balance
equation we will start with certain equations, which
will be introduced in a short form. There exist two
reasons for their introduction. The first one is, that in
the case of solids and especially crystals, we meet
some facts which are not taken into consideration in
monograph [2]. The second one is the necessity of
introducing the notation of quantities which will be
used.

The basic equations for derivation of the entropy
balance equation are as follows:

(a) Equation of motion of continuum
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NOMENCLATURE

C; mass fraction of component i s entropy per unit mass
Cpi partial specific heat at constant S partial specific entropy of component

pressure per unit mass of component i i
¢y;  partial specific heat at constant volume S density of entropy

per unit mass of component / 4 transference number of component k
D linear strain tensor T temperature
E_, E, energy of band edge u internal energy per unit mass
E,  donor energy U density of internal energy
E; Fermi energy v hydrodynamic (barycentric) velocity
e density of energy \Z velocity of component 7
g rate of generation per unit volume of v specific volume.

component /
h enthalpy per unit mass Greek symbols
h; partial specific enthalpy of component i £ permittivity of vacuum
| unit tensor &, relative permittivity
i electrical current density n Seebeck coefficient
i; contribution to the electric current n; Seebeck coefficient of component i

density from component / A thermal conductivity
J, heat current density U chemical potential of component i
J, entropy flux My hole mobility
J; diffusion flow of component i e electron mobility
ks Boltzmann constant n Peltier coefficient
m; mass of particle of component I1 non-equilibrium part of the pressure
my rest mass of electron tensor
n number of components of the system p density
n; intrinsic carrier density P density of component i
N; particle number density of component Pr resistivity

i pr:  resistivity of component i
P pressure tensor Pe electric charge density
P.,  equilibrium part of the pressure tensor a(s) entropy production
p hydrostatic pressure T Thomson coefficient
q: charge of particle of component i % dielectric relaxation time
r; rate of recombination-trapping per v, potential energy per unit mass of

unit volume of component i component i.

n
P = —V-P+Y o, m
p%=——V'J,-, fori=1,2,...,n, 3)
where ds
. n where
p= Zl piy P=P +I, v= Z] Vi,
Ji=p:(v;=V), v= 1, ;= P-’
p P

d
-—Vlﬂi, a;=*‘+V'V

is a substantial time derivative.

The isotropic part of I is connected with the irre-
versible change of volume and the residium part is
connected with a viscous flow.

(b) Mass balance equations

9p;

ot

=—-V-pyv, fori=12,...,n 2)

(c) Energy conservation law

Oe

ot

= —V'{ev—l—Jq—#zn: (l//i+ui)J,»+v-P}, 4

(d) Gibbs’s relation
The energy balance equation in connection with

the second law of thermodynamics has the following
form:
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Tgf SdV=£j vdy
dt Jou dz Jo

+j aDdV+Zu,3€J ds. (5
Q1) a

By applying Gauss’s theorem and auxiliary relation

d of >d
- dV = —+4V- V
dr L(z)f L(z) (a’ VA

and from equation (5) follows the equation

ds dU D
T4 =(U=TSV-v+ - +Py: at+z“'v J.
i=1

©®

Equation (6) follows from equation (5), because
equation (5) is valid for the arbitrary domain Q(z).
Equation (6) represents the Gibbs relation for crystal.
From the definition of the linear strain tensor, we can
write

= B(VW+VW) =1V V] +;V "V,

where [2(Vv+vV) —3 V vl] means the pure defor-
mation and V vl expresses the deformation con-
nected with the change of volume.

If the deformation of crystal is connected only with
the change of volume, then

D
L 7
at V v M
After substituting relation (7) into equation (6), we
obtain the equation

ds du
T =(U=T)V-v+ - +pV- V+ZM,V J., ©®

where p = ; SpP,,.
For our purpose, it is suitable to transform equation
(8) with the help of relations S = ps, U = pu,

= -—V-pvy

and the equations of type (3) into the form

ds du dv & dg
FTIR TR T e Th ©)

Equation (9) is analogous to the Gibbs’s relation
for isotropic systems. This fact allows us to use those
methods which are used in ref. {2] for formulating the
equations of nonequilibrium thermodynamics. Equa-
tion (9) will be the last basic equation for derivation
of the entropy balance equation.
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3. ENTROPY BALANCE EQUATION

With the help of the equations of type (2), we can
derive the potential energy balance equation, whose
form follows from [2]

9 : ; )
% = ——V'{PlI/V-F; l/’iJi}_‘ZlJ F,—v: ; pF,

(10

where Y = X7 ¢,
We substitute equation (10), together with the
definition of internal energy

e = py +pu,

into equation (4). After that, we obtain the internal
energy balance equation
Opu

o = -V {puv+Jq+ Y u,-J,-+v-P}
i=1

+Y J-F+v- Y pF. (1D

i=1 i=1

Kinetic energy % pv? in ref. [2] is taken from the
internal energy. In our case, when we take into con-
sideration the thermal expansion, the hydrodynamic
velocity v is dependent on temperature and, therefore,
we include the kinetic energy %pv2 into the internal
energy. The idea of the method of the entropy balance
equation derivation is motivated by the assumption
that the change of volume as a result of the thermal
expansion is reversible.

We substitute equation (11) into equation (9), and
making some changes, we obtain the entropy balance
equation

Té%p"S =-V: {Tpsv+J,,+V'(T+l'I)}

- ; pvi*(Vu,—F)

+v- (g p:Vu,— Vp+psVT), (12)
where

T =Py —; Sp(P)l.

By applying the Gibbs—Duhem’s relation, equation
(12) obtains the final form

6ps |
o -V-J,— VTr- '7:‘; pi¥i*(Vu,—F),
(13)
where
PEEASE LR T

If we introduce into equation (13) the relation
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Vu, = —s;VT+ (V).

then we obtain the modified entropy balance equation.
Its form is as follows:

R S EE WAL
(14)
where
J, =J,+v(T+I)— TZJS
According to the Gibbs-Duhem’s relation

27, pl(Vu)r —F ;] = Ois valid. From this relation we
calculate the term p,[(Vu,)r —F,] and introduce it into
relation (14). After introducing we obtain the equa-
tion
ops

J‘I
o= Vv

1 n—1
-7 > oi(vi=v.) [(Vu)r —F]. (15
i=1
From equation (15), the relation for the entropy
production follows immediately

’

J 1 2
o(s) = = 22 VT= 23 p(v

i=1

-v,)" {(Vlli)'r —Fi}'

(16)

4. PHENOMENOLOGICAL LINEAR EQUATIONS

For further progress, it will be necessary to specify
quantities . Quantity ¥, will represent the electro-
static potential energy per unit mass of component i.
In this case

Y, = & @. a7n
According to relation (17), we can write

F, = —Vy, =%E (18)

i

Introducing relation (18) into relation (16) and
making some changes, we obtain the relation

J 1 i
VI— Y i;¢(V=Z] —Ey,
T* T/; ! {( qf)’l’ }

o(s) = — 2

(19)
where
i =q;N;(vj—v,)
iy =my,

Until now all relations are exact. The first approxi-
mation will presume that the system is close to the
equilibrium state and, therefore, the thermodynamic
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fluxes are linear functions of the thermodynamic
forces. In the first approximation, from the relation
(19), the phenomenological linear equations follow

n—1
Jo= Ly Tz —XL T (20
N/
vr il i/T
= —Ly,* ?-Z Ly- —F 2n

fork=1,2,...,n—1.

The tensors L,,, L, L, and L, are dependent on
local state parameters and not on generalized ther-
modynamic forces. They satisfy the following Onsager
reciprocal relations :

L, = f‘qq’ j LM’ Ly = I--‘ki'

When the system in an equilibrium state is isotropic
or when the crystal has cubic symmetry, then the
above-mentioned tensors are the trivial tensors.

In the following text, we will consider only the iso-
tropic systems and crystals with cubic symmetry. In
this case the equations (20) and (21) transform into
the following form :

, VT "L (( 8
Y= lupz =% %{(V;)T—E} 2)

. A ﬂ') }
i, = —L 2 vZ) -E , 23
k k(l Tz ,_;] T {( qj A ( )

fork=12,...,n—1.

The coefficients L, Ly, L, and L satisfy the fol-
lowing Onsager reciprocal relations: L, = L, and
Ly,=L,.

The connection between the coefficients L, L,;, L,
on the one hand and the measurable quantities on the
other hand will be discussed in Sections 6 and 7.

The equations (22) and (23), together with the equa-
tions of type (2), the internal energy balance equation
and Poisson’s equation, form the complete set of equa-
tions for calculation of how the local state parameters
of the system depend on space-time co-ordinates.
Such information describes completely the irreversible
process. However, the main aim of this paper is to
derive the equation of heat conduction and to show
the conditions under which it is valid.

5. GENERALIZED HEAT CONDUCTION
EQUATION

The heat conduction equation is in fact the arranged
internal energy balance equation (11). To arrange the
internal energy balance equation we use the following
relations :

h=u+pv oh_,_ o
suTp (7p_u T
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oh
h,»=ﬂi+Ts,- _=hi—h,,.

o, 24)

With the help of the above-mentioned relations,
equation (11) obtains the form
daT dv dp

pc‘,a = —V'J;+i'E+p6—TE

V-Vp—3 3 -Vh. (25
i=1

If we introduce the relation (22) into equation (25)
we obtain the equation of heat conduction, which is
exact in the framework of linear approximation.

6. EQUATION OF HEAT CONDUCTION IN
METAL SYSTEMS

In this section the results obtained in Section 5 will
be applied for the binary system. As an example of
the binary system we will consider the metal systems.
In the metal systems the free electrons will be con-
sidered as the first component, and the positive ions
of lattice as the second component. For the binary
system, the set of equations (22) and (23) has the
following form:

VT L i
=—-L,——2v2) —E 26
q qq T2 T{( ql)’r } ( )

. vTr L i)
R O

When we calculate the quantity V(u,/g,)r—E from
equation (27) and then introduce it into equation (26),
we shall obtain the following equations:

and

E_<vi‘—') = 1T+ py 28)
qi Jv
and
J, = —AVT+ni,, 29)
where
qu 1
n=-IT (30
L, T L,L,—LyL,
o == = ] = c2g11 T g Tgl
Ly, Pr Ly, T*L,,
(31

From the Onsager relation L, = L, and from the
relations (30), (31), the relation follows

n=—nT.

There are three independent coefficients L,,, L;,,
L,, which are determined by means of the measurable
quantities 5, A and py.
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Before writing the equation of the heat conduction
we introduce some relations which will be used in the
application of equation (25) for metal systems. With
the help of the relation

N, +q,N, = p, (32)

we can write

i = ¢ N (v —Vy) =i—p.v,. (33)

From the relations (33) immediately follows the
relation
m. m

J,=—i,; = 1i—,v.
1 qll (i—p.v2)

4
q 34)

If we multiply equation (28) by i, we shall obtain

the relation

iE= —rli-VT+pRi'(i—pev2)+i'<V-’q1—’) . (39
11

Introducing the relations (29), (33), (34) and (35)
into equation (25), we obtain the heat conduction
equation which has the form

dr
pey g, =V AVT =2V (i—p.v2)

—1i VT +p.v, Vi + pgi-(i—p.v,)

1 dpdp m
~oordr " Vp— Py (Ul AZY
Yk, —h2)+i-l:(v’ﬂ) ——(Vn)T], (36)
ql T
where the following relations have been used
on
T=n+ T 37N
Vr =(Vn) +-6£VT (38)
T = )T T

and
Ji+J, =0.

We shall show that in certain special cases it is
possible to express the equation of heat conduction in
a simplified and approximate form, which in practical
applications gives us sufficiently accurate results.
These cases are as follows:

(a) Generally, in the case of solids, when the defor-
mation is realized only by the reversible change of
volume, the pressure tensors T and I are zero tensors.
To prove this we will continue in the following way,

we divide the tensor IT into two parts;
11 =IT*+ A1,
where

= %Spl’[.



3536

From the thermodynamic point of view, the ten-
sors T and TI* are function of the tensor
Y(Vv+vV) =1Vl which is supposed to be zero and,
therefore, the tensors T and IT* are zero tensors too.
Analogously, the quantity % has a zero value as well,
due to the assumption that the irreversible change of
volume is not realized. In such a case, equation (1)
can be simplified to the form

dv

P (39

= —-Vp+ ) pF.
i=1

If the forces have electrostatic origin (18), then
equation (39) is transformed into the form

= —Vp+.E. (40)

hd

P

In the mechanical equilibrium (dv/d: = 0), equation
(40) can be simplified to the form

Vp =¢.E. 41)

(b) We will consider the homogeneous metal
systems. It is well-known [4] that in homogeneous
systems with nonzero conductivity the charge density
changes according to the relation

pe = peOe"”f,
where T = £,(g/0).

The conductivity in metal systems is about 10° S
m~! to 6.10’ S m~', so that the dielectric relaxation
time

T =(1.5=90)-10""¢,[s].

The charge neutrality condition (p, = 0) is fulfilled
if the change of the temperature during the dielectric
relaxation time 7 is not measurable and, therefore,
only in this case we can consider that the heat con-
duction takes place at p. = 0. From this fact and from

the relations (33) and (41) it follows that

i =1 (42)
Vp=0 (43)
and
N, +q,N, = 0. (44)
From the law of conservation of charge

0p./0t+V +i = 0 it follows that

V:i=0. (45)

(c) The relation (43) is valid for an arbitrary time
and therefore dp/dt is independent of space co-ordi-
nates. If we assume that the pressure on the boundary
of the metal systems is independent of time, then

»

Frie 0. (46)

From relations (43) and (46) it follows that
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dp _op
ar 6t+v Vp=0.

47
On the basis of relation (44) and the relation
¢, +c¢, = 0, we can write

Ve, =0. (48)

If we choose 7, p and ¢, as the local state
parameters, then with the help of relations (43) and
(48) we can write

oth, —h
Vih, —hy) = (—'67—22VT
+6(h1—h2) 0(h1—h) Ve
» T e ‘
O(h, ~hy)
==L VT (49)
) 6% aﬂl
Hi 1
V—) =—/—Vp+ Ve, =0 50
(q.)T 6pp alcl (50)
and
on on
(Vn)T— Vc,+a Vp=0. (51

Introducing the relations (43), (45), (47), (49), (50)
and (51) into equation (36), we obtain the final form
of the equation of heat conduction which has the
following form :

T
S =V AVT—(+tHi VT+pei2,  (52)

d
o dr
where the following relation has been used

m, d(h, —h m
TT=—1‘—”‘I(’3T—2)‘q—:(Cp1—Cp2)-

The free electrons of metal represent a degenerate
gas and, therefore, the parameter c,, is expressed by
the formula [7]

n?k3T
m Eg

Co1 =

We will consider that the temperature of the crystal
is above the Debye temperature and, therefore, each
degree of freedom of the atoms of the crystal con-
tributes the value of kg7 to the average energy of
vibrations. In this case the parameter c,; can be written
in the form

TN, 3k

- R =R }
Cr2 tov + m,N,T m,

Introducing the last two relations into the relation
for 7¥, we obtain the relation

3k3<n kBT mlR m|> nzk%T

eEg
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because m,/m, ~ 107", m,R/3ky = 5.49-10~7 and
ks T/3Er ~ 21072, where we consider Er ~ 5eV.

In order to compare the parameter T with the par-
ameter 7}, we introduce the relation [3]

nzk,z,T(5+1)~6+l .
3¢y 3

where the parameter & depends on scattering mech-
anism of free electrons. For example, for scattering
on the acoustic phonons é = —’5. We see that ¥ is
comparable with the parameter 7 and, therefore, the
term — ¥ i VT represents the new result of this paper.

Within phenomenological thermodynamics, all
quantities, such as 4, n, 7 and ¥ can only be deter-
mined experimentally.

The second term on the right-hand side of the equa-
tion (52) corresponds to the Thomson heat per unit
volume and time and to the heat per unit volume and
time, due to the dependence of the partial specific
enthalpy on the temperature. The third term cor-
responds to Joule’s heat per unit volume and time.

7. EQUATION OF HEAT CONDUCTION IN
SEMICONDUCTORS

In metals, the Peltier and Thomson heat in com-
parison with Joule’s is small. These quantities may
play a significant role in semiconductors, because the
Seebeck coefficient is larger by about four orders than
in metals. In this part we will study the transport
phenomena in semiconductor systems. At first we will
consider the pure semiconductor crystal. The pure
semiconductor crystal by definition is one without any
impurities and defects and, therefore, the concept of
the pure semiconductor is some kind of idealization
because it is difficult to purify the semiconductor com-
pletely so to remove all impurity atoms in the sem-
iconductor crystal. It would be better to use the term
of an intrinsic semiconductor. The intrinsic sem-
iconductor is very pure and contains a negligibly small
amount of impurities, so that the transport properties
are the intrinsic properties of the semiconductor crys-
tal and not due to extrinsic sources such as chemical
impurities and physical defects. Due to covalent bonds
between the host atoms, they can be considered as
the neutral atoms. We will also consider an impurity
semiconductor. There are two kinds of impurities.
When an impurity atom sits at a lattice site and sub-
stitutes for a host atom, it is known as a substitution
impurity. When it sits in the space between the host
atoms (assuming all host atoms are situated at lattice
sites), it is known as an interstitial impurity. There are
two main types of substitutional impurities: donors
and acceptors. The donors and the acceptors can
occur in two states : in the neutral charge state and in
the positive or negative charge state. The donors and
the acceptors are very important because they control
the transport phenomena and type of the semicon-
ductor. The interstitial impurity atoms are also pre-
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sent in a semiconductor, but they are often electrically
inactive (neutral atoms) and hence, they do not have
as great an effect on the transport phenomena in the
semiconductor as the donors and the acceptors have.
Since the impurity diffusion coefficient at room tem-
perature is about 107*®* m?s~' to 10~"¥ m? s~" [5], we
can consider the average velocity of the impurity
atoms to be the same as the average velocity of the
host atoms.

In contradistinction of the metal systems, in sem-
iconductor systems the generation and recombination
process of the electrons and holes takes place. Due to
that process, the mass balance equations of type (3)
have to be modified into the following form:

de;
Pd_tl = -V Ji+g—r.
fori=1,2,...,n

In this case, we meet with the two different types of
the irreversible phenomena according to their ‘ten-
sorial character’. The first group of phenomena is
formed by a ‘vectorial process’, such as heat conduc-
tion, diffusion, electrical conduction, and their cross-
effects. The second group of irreversible phenomena
is formed by ‘scalar phenomena’, such as the gen-
eration-recombination process, irreversible change of
volume, and their cross-effects.

From the beginning of this paper, we assumed that
it was possible to neglect the irreversible change of
volume. Now we extend this assumption so that in the
first approximation it is possible to neglect the ‘scalar
phenomena’, but nevertheless, it would be interesting
to study the effect of the ‘scalar phenomena’ on the
semiconductor systems.

After an introductory description of the semi-
conductor systems we shall move on to particular
cases.

7.1. Intrinsic semiconductor crystal

The intrinsic semiconductor will be considered as
the ternary system. The electrons are considered as
the first component, the holes as the second one and
the host atoms with a negligible small amount of
impurities as the third one. According to equations
(22) and (23) we can write

, VT Ly f(cf
o)

and
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L, I
oo o

The Onsager reciprocal relations are as follows :

L,=L,
L, =L,,
and
L,=1L,,
where [3]
& = Eg—E,
and
fi, = E,—Eg.

The above-mentioned relations can be used only if
the electrons and holes are in equilibrium with each
other.

We will further consider the homogeneous sem-
iconductor systems. In this case (VE); =(VE, )y = 0.
Considering this fact, the equations (53)—(55) can be
simplified as

, vVr L,+L, E;
J,,= —qu}jz—-i-—q—'T—q{(V? T+E (56)
. \7 L.|+L12{< EF> }
ih=-L,—+——H<IV—] +E; (§7)
1 tq T2 T e -
and
. VT Ly +L,, Er
=], —— 4T ZF
iy 2% + T {(V . >T+E}, (58)
where ¢, = —¢g, = ¢ has been used.

From equations (57) and (58), we calculate the term
[V(Er/e)]lt+E and introduce it into equation (56).
Using the Onsager reciprocal relations we obtain the
following equations :

¥, = —AVT+n(i—pys) (59)
i) = —BVT+1,G—pv) (60)
Er ;
(V-e_> +E= —yVT+pp(i—p.vi), (61)
A
where
4 = La(l 2000 + L) = (Lyy + L)
T?(Ly, +2L1,+Lyy)
g Litls
L1| +2L]2 +L22
L]q+L2q T

N T TWL 2L+ L) T
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T

PR = 2L, + Lo

T

Pri =L|1+L|z

S
] T(Ly +L»)
and

__Lutli e
Li+2L+Ly  pri’

(62)

1
B =;;(11—m) 2

The quantities 4, # and py are measurable quan-
tities. If we multiply equation (61) by i, we shall obtain
the relation

F

E
i‘E= —r/i'VT+pRi'(i—pev3)—i'<V7> . (63)
T

Introducing the relations (59) and (63) into equa-
tion (25), we obtain the following equation :

dT .
pey 3, = V- AVT~V - n(i—p.v;)

E
-r/i~VT+pRi-(i~pev3)—i-<V7F>
T

dv dp 3
teara " Vp—i;J,- Vh, (64)

which is an exact equation of heat conduction in the
framework of linear nonequilibrium thermodynamics.

The equation (64) may be simplified under the cer-
tain conditions. The charge neutrality condition in the
intrinsic semiconductors in general need not be always
fulfilled and, therefore, it has to be checked in each
case. For example, the conductivity of pure silicon [6]
at the liquid nitrogen temperature 77 K is so small
(0 =107 S m™") that it is an insulator. But at
the room temperature o5, = 3.2:107* S m~'. If we
consider the relative permittivity for Si g, = 11.8, then
the dielectric relaxation time of this Si is at 77 K
%= 10® s and at 300 K # = 3.2-10~7 s, For intrinsic
Ge at T=300 K (65.=2.32"107' Sm~'; ¢, = 16)
the dielectric relaxation time is ¥ = 6.94-107" s.
Additionally, we will consider only those intrinsic
semiconductors at which the charge neutrality con-
dition is fulfilled. From the charge neutrality con-
dition and from the assumption (c) in Section 6, as
was shown, the relations (42), (43), (45), (47) and the
relation

N =N, (65)

follow.

Now we shall direct our attention to an arrange-
ment of the last term on the right-hand side of equa-
tion (64). From the relation £}_, J; = 0 we obtain
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V3=V = —c(V; —V3) — (V2 —V3).

(66)

With the help of the relations (65) and (66), we can
write the following relations :

J =[%£<Cl(tl -1—-t %(l_cl))]i

+ [%(1 —¢)— %c,]ﬁVT 67)
and

J2_|:“‘tlcz+ (l_t )(l_cz)]

#|a-e)-Ze: T @

where the relation (60) has been used.
Now for the ideal systems the parameter 4; depends
on the state parameter 7, p and therefore

o —hy)

Vih—hs) = =

VT, (69)
where the relation (43) has been used.

When we introduce the relations (67)—(69) into the
last term on the right-hand side of equation (64) we
shall obtain the following relation:

2

3
ZJ,"Vh,'=Z
i=1 i

i=1

J;V(h,—h3) = 4i-VT+y,(VT)?,

(70)
where
. [m my (ot —hs)
T2 —I: e o (t=1) t Q 1):| oT
nm, ms a(hZ 3)
+[7t.c2+7(1~t1)(1—c2)] B oy
and
o m my ok —hs)
/2—B{[e(1_01)— e Cl] oT
m, my  10(h;~hs)
+[‘:(1—C2)—702]T}' (72)

For the further simplification of equation (64), we
will assume that the following assumption is fulfilled.

(a) In the thermodynamic equilibrium, Ef is only
a function of the temperature. If the system is homo-
geneous, but thermically inhomogeneous, then Ej is
only the function of the temperature, and therefore

(vﬂ) 0.
€ Jr

7 is a function of the temperature and Eg, and

(73)
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therefore, according to the relation (73), the relation
is valid

(Vm)r = 0. (74)

When we again assume that the assumption (c)
in Section 6 and the assumptions in this section are
fulfilled, then we substitute the relations (43), (45),
47), (70), (73) and (74) into equation (64). After
substituting, we obtain the equation

dr
¢y gy =V AVT— (42D VT+ pui® =72 (V7).

(75)

In order to compare the parameter 7% with the par-
ameter 7, we shall present their numerical estimation.
The mass-fractions ¢,, ¢, are very small with respect to
one. For example, for Si [S} (T = 300K, m; = 0.97m,,
my =0.5m,, n,=210" m™>, N;=5-10% m3
p;=2328-10° kg m™3, my;=4.6-10" kg) the
mass-fractions ¢, ~ myn/p; =3.8-107" and
¢, ® myn/p; = 1.96- 10~'%. Due to the small values of
the mass-fractions (without ¢;), we can neglect all
terms containing the mass-fractions ¢; and ¢, in the
relations (71) and (72). In this case, relation (71) can
be written in the following approximate form :

oy —hy)

ﬁt 0Ch: —hs)
e ! oT

oT

™= —

my
+ —e‘(l ~t)
(76)

Additionally, we will consider electrons and holes
as a nondegenerate gas and the temperature of the
crystal to be above the Debye temperature. In this
case, each degree of freedom of the electrons and holes
contributes the value of 3k T to the average kinetic
energy, and each degree of freedom of the host atoms
contributes the values of KT to the average energy
of vibrations and, therefore, relation (76) can be writ-
ten as

m
o = = T = )+ 21— 1) — )
m m
== 7131(CV| —cv3) + ';2‘(1 —t){(eva—~cv3)
_ ﬁ—]—t %kBTn 3kBTN3
- e mln,-T m3N3
3
sksTn;  3kyTN.
sy
e mon, T  myN;T
3kyt, l om
e \2 m,
3kg(1—t)(1 m, 3kB
2 T T s B (12,
+ . 2 m, ( 1)
because n,/m; = 1.92+107° and m,/m; = 107,
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In a similar way, we can approximate the relation
(72). After approximation we obtain the relation

m m
Y2 R ﬂ[?l(cpi "'Cp3) + f(CPZ _Cpl):l

3ky m m\] EIE
=ﬁ7[1+<~+—>]~/3 b

my My

According to the second relation of equation (62)
we can write
Pr Nk

= = 78
pri eNjpu.+eNyuy, (78)

; b
: 1+b
Substituting the relation (78) into the relation for

7¥ we obtain
3ky1-b

R e

2e 1+b° (79)

For the numerical estimation of the parameter t we
introduce the relation [3, 6]

ks s S\1=b  E+Eb—(1+b)Ex 10E;
T e 2/1+b (1+b)eT e T’
(80)

where b = u,/ue is independent of temperature and

E +E, 314
Ep == +KBT1n(;nm—2> .
1

(81)

If we substitute the relation (81) into the relation
(80) we obtain the relation

kg 5
n= [—g(é + §)+
According to the relations (37) and (82), we can
write the relation

E—-E ]1-b
2T |1+b°

(82)

i (E.~E)1-b
TRAT T 2eT 1+b°

T =

For Si [5] (E.—E, =112 eV, b=pju =2,
T=300K, pr =3.1-10°Qm) 1 = 8.10* VK " and
= —0.55-10"* V K. We see that t¥ represents
6.9% of t. For Ge [5] (E.—E,=0.803 eV, b =1,
T=300K, pr =430Qm) 1 =4.6-10"* VK" and
%= —044-10"* V K~'. The ¥ represents 10% of
7. The term —%i* VT in equation (75) represents the
new result of this paper.

For the comparison of the second and third term
on the right-hand side of equation (75) we will present

their ratio. According to the first relation (62) we can

write
n—m 2b kB( 5 E.—E,

= = — —| 6+ )+ R
A Pri (1+b)2pR|:€ 2 2eT

(84)
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where #, follows from the relation (82), if weputb = 0
and

Pri = pri(1+0).

Now we give the numerical results of the second,
third and fourth term on the right-hand side of equa-
tion (75). For Si (IVT] = 10° K m~") according to the
relations (77)-(79), (83) and (84) we can write for
i=107" Am 2 (V) = —6.92-10° T m~? s,
(T+DiIVI =744-1072 T m™ s~ pp# =3.1-101]
m~*s™', but for Ge [5] (E.— E, = 0.803 eV, b = ) we
can write for i=10"" A m™%: y,(VT)*=2-10"2]
m= s7, (+tHiIVT]=35-107 J m> s,
pri® = 4.3-1072Jm~*s~". In the first case, the second
and fourth term on the right-hand side of equation
(75) can be neglected according to the third term. In
the second case, all terms on the right-hand side of
equation (75) have to be considered.

7.2. Impurity semiconductors

The composition of the impurity semiconductors
was described at the beginning of Section 7. The
donors and the acceptors can either be in the neutral
charge state or in the positive (donor) or in the nega-
tive (acceptor) charge state. The charge state is real-
ized in this way : the electron can jump from a valence
band to an acceptor ground state or from a donor
ground state to a conduction band. The result of that
process is in the first case the generation of a valence
hold (delocalized) and a localized electron on the
acceptor, and in the second case the generation of a
conduction (delocalized) electron and a localized hole
on the donor. According to these facts, the impurity
semiconductor is composed of five components. The
conduction electrons will be considered as the first
component, the valence holes as the second one, the
localized holes on donors as the third one, the local-
ized electrons on the acceptors as the fourth one and
finally the donors and acceptors with the host atoms
as the fifth one. The average velocity of the donors,
acceptors, localized electrons and holes is the same as
the average velocity of the host atoms.

Considering this composition of the impurity semi-
conductors, the entropy production according to the
relation (19) has the following form :

o(s) = — Lo -VT—lTi i,.-{(v%) —E}.
j T

2
T ] )

(85)

From the relation (85) in the framework of the
linear nonequilibrium thermodynamics we obtain the
phenomenological equations (56)—(58). Proceeding in
the same way as in Section 7.1, we obtain the following
equations:

J, = —AVT+n(i—p.vs) (86)

iy = —pVT+1,(i—pevs) @7
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E
(V—f) +E = —nVT+pr(i—p.vs), (88)
T

where relation (62) has been used.
Multiplying equation (88) by i, we obtain the
relation

E
Ei= —ni-VT+pRi-(i—p,v5)—i'(V7F> - (#9)
T

As a rule, the charge neutrality condition in
impurity semiconductors is fulfilled. For example, for
n-type Si [6] (T =300 K, & = 11.8, pg = 8.8-107"
Qm). In this case we find out that the dielectric relax-
ation time ¥ =9.2-10"" s. If we consider that the
assumptions (a), (b) and (c) in Section 6 are fulfilled,
then we can introduce the relations (43), (45), (47) and
(89) into equation (25). We then obtain the following
equation

T
cp%7= V AVT—1i-VT
E
+pRi2—i-[(v—ﬁ> +(V1r)-r]
€ T

4

- Z J;-V(h—hs), (90)
i=1

where the relation £}, J; = 0 and the relation (42)

have been used. From the relation X7_; J; = 0 the
relation

Vs—V = —c (v —V5)— (¥, —Vs)

on

follows.
The electric current density is expressed by the
relation

4
i= Z GNYV;, = @i N (v —=Vs)+q: N, (v, —v;5),  (92)
j=1

where the charge neutrality condition
4

Z] g;N; =0
=

has been used.
With the help of the relations (87), (91) and (92)
we can write the following relations:

m, m, m, .
J =t —(—c))+t, —c;,——¢ Ji
1 [\ql( I) lq2 1 q l:'

2

[—(1——Cl)+(‘] :’ﬁVT 93)
J, =[:%(1_L'2)(1—’1)"11%:“C2]i
+[ﬁcz+ﬂ(1—cz)]ﬁvr 54)
91 q2
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m, my |,
Jy=a|lt;i—-D)—~t,—1i
A P

ms my
—c3|———)BVT (95
C'3<q2 ) )ﬂ 95)

m, m, m,
Ji=c4l (1, —1)——1¢, i—cy|— —~—|BVT.
cme @D (222 g

(%6)

For the ideal systems the parameter 4; depends on
the state parameters 7, p and therefore

O(hi—hs)

V(hi—hs) = oT

V7, o7
where relation (43) has been used.

We will consider that assumption (a) in Section 7.1
is fulfilled, then we can introduce the relations (93)—
(96) into equation (90). After doing this we obtain the
equation

dT
Pcpa =V AVT—(t+19)i* VT+ pri’ — 73, (VT)?,

(98)
where

O(hy —hs
=[t,—-(1—c1)+c,':( —1)} ( -~ hs)

'*_I:(l—tl)(l—cz)rﬂ -t T—‘-:IM
q2 q

T
ms; m O(hs —hs)
+[(tl—l)z—t];][(f3"_a‘i;—
O(hy—hs)
—C4T:| %9
and
_ m my |0(hy —hs)
V3—ﬁ{|:q (c;—D~¢ q2:| oT
ms 6("’2 hs)
_ (mz ,)6(h3—h5)
e q> q or
m, 1\ 0(hs —hs)
—Cy <q2 q;)—‘éT—}' (100)

In order to compare the parameter % with the par-
ameter 7, we shall give their numerical estimation. The
mass-fractions ¢, - ¢, are very small with respect to
one. For example, for n-type Si [5] (m;, = 1.065m,,

=10 m™3 Ns=5-102 m~3, p; = 2.328-10% kg
m~>) the mass-fraction ¢, ~ mN,/ps =4.16-107"°.
The mass-fractions c,, ¢; and ¢, are either of the same
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order, or less than ¢,. Due to the small values of the
mass-fractions (without ¢s), we can neglect all terms
containing the mass-fraction in the relations (99) and
(100). In this case, the relations (99) and (100) are the
same as relations (76) (for ¢, = 1) and (77), therefore
we can write

3k
vy X (101)
e
and
3kg
k. _ =2
% 5, (102)

We again consider electrons and holes as a non-
degenerate gas and the temperature of the crystal to
be above the Debye temperature.

The quantity n for an n-type semiconductor is
expressed by the relation [3]

ka(. S\ 1 (E—Eo
”‘?<5+§>+er< 2

| Np 10Eg
—kyTIn 2—Ac>+ e T’ (103)
where
_E+Ep Np
E: = 7 +kgTIn 24, (104)
k 3/2
A, = 2(3@%1) . (105)

Substituting the relations (104) and (105) into the
relation (103), we obtain the relation

kol 7\ E.—Ep
”_?<5+4>+ 2T

(106)

From the relation (37) and (107) it follows:

For n-type Si [5] (E.—Ep = 0.01 eV) we obtain
1=1710° VK™ and t¥=—13-10"* VK"
The term —t%i* VT on the right-hand side of the equa-
tion (98) represents the new result of this paper.

According to the first relation of (62) for n-type

$. BARTA

semiconductor # & n, and therefore  ~ 0 and also
73 & 0. In this case, the equation (99) simplifies into
the following form:

dT
pey gy = Ve AVT— (4TI VT+pei’. (107)

Analogous discussion can be carried out also for a
p-type semiconductor if we consider the holes as the
first component. For n-type Si [6] (pr = 8.8-107' Qm,
IVT} = 10° K m™~', the numerical values on the
second and third term of the right-hand side of the
equation (107) are as follows: for i=1 A m™?:
—(@+HIVT] =1.13-10"" T m> s7!, ppi* =8.8-
10~'Tm~3s™!. We see that both terms are of the same
order, butfori = 100 Am=2: —(t+1Hi|VT| = 1.13]
m~3 s, ppi? = 8.8-10 Jm~?s~". In the last case the
term (4 1¥)ilVT] is only 1.2% of pgi* and, therefore,
it can be neglected.

8. CONCLUSION
This paper gives the following results:

e derivation of the equation of heat conduction for
multi-component condensed systems ;

e application of that equation of heat conduction
to metal systems and semiconductors ;

o the conditions at which the equation of heat con-
duction is valid have been shown ;

e theequation of heat conduction contains the term
which represents the new result.
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